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Proposition V

If a straight line touches a cycloid at its vertex and we construct on this
straight line as base another cycloid, similar and equal to the first then,
beginning at the vertex mentioned, an arbitrary tangent to the inferior
cycloid will be normal to the superior cycloid.
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Let us suppose that the straight line AG [Fig. 6] touches the cycloid at its
vertex A and that on this line as base is constructed another cycloid AEF with
vertex F. Let BK be a tangent to the cycloid ABC. I claim that this tangent,
continued to the cycloid AEF, will meet it at right angles. Indeed, let us
describe about AD, the axis of the cycloid ABC, the generating circle AHD,
which intersects BH, parallel to the base, at H. Let us draw the line HA.
Since BK is tangent to the cycloid at B, it is parallel to this line HA, hence
AHBK is a parallelogram and AK = HB, that is, equal to the arc AH. Let us
now describe the circle KM, equal to the generating circle AHD, tangent to
the base AG at K and intersecting the continued line BK at E. Since BKE is
parallel to AH, and hence EKA = KAH, it is clear that the continued line
BK cuts from the circle KM an arc equal to the arc which AH cuts from the
circle AHD. The arc KE is therefore equal to the arc AH, that is, to the line
HB, hence to the line KA. But it follows from this equality, from a property of
the cycloid (since the generating circle MK is tangent to line AG at K), that
the point which describes the cycloid AEF has passed through E. The line KE
therefore meets the cycloid at E at right angles, that is, KE is no other line
than the continuation of BK. Q.E.D.
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