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Definition

When we consider that a thread or flexible line is laid along
curve concave to one side, and when we remove one end from it
while the other end of the thread stays on the curve in such a
way that the developed part remains taut, then this end of the
thread will clearly describe another curve this curve is called an
involute.
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Definition

The curve, however, along which the thread has been laid may be
called the evolute. In the figure ABC is the evolute, ADE the
involute of ABC, for if the end of the thread has come from A to D,
then the straight part DB of the thread will be taut, while the
other part BC still lies along the curve. It is clear that DB is
tangent to the evolute at B.
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Proposition
Every tangent of the eveolute intersects the involute at right angles.

Let AB[Fig.2]be the evolute, AH its involute. Let the straight line FDC,
tangent to curve ADB at D, intersect the curve ACH at C. | claim that it
intersects the curve at right angles, that is, if we construct on CD the
perpendicular CE, then this line should touch the curve ACH at C. Indeed,
since the straight line DC is tangent to the evolute at D, it clearly represents
the position of the thread at the moment when its end has come to C. When
therefore we prove that the thread while describing the whole curve ACH
can reach the line CE only at the point C, we shall have proved that CE is
tangent to the curve ACH at the point C.
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Let us take on AC another point H different from C, and let us consider first
the case in which H is farther removed than C from the starting point A of the
evolution. Let the free part of the thread have the position HG, when its end
is at H. The line HG is therefore tangent to the curve AB at G. While the end
of the thread describes the arc CH, the thread evolves itself away from arc
DG. Hence CD will intersect the line HG if extended beyond D; say at F. Let
GH intersect the line CE at E. We then have

DF + FG > DG,
whether DG be a straight or a curved line. If we add to both sides the straight
segment DC, then we obtain

CF + FG >CD + DG.

In connection with the evolution we have

CD + DG = HG.
and if we subtract from both aides the segment FG, then we find that

CF > HF.

But we have
FE > FC,

since in the triangle FCE the angle C is right. Hence we have fortiori
FE > FH.

From this it follows that the thread on this side of the point C no longer
intersects the line CE.
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Now let the point H [Fig.3] be closer to the starting point A than the point C.
Let HG be the position of the thread at the moment when its end is at H. Let
us draw the lines DG and DH, of which the last one meets the straight line
CE at E. Itis clear that the straight line DG cannot be on the continuation of
HG and that HGD is therefore a triangle. Now, since
DG DKG,
The sign = holding for the case where the part DG of the evolute is straight,
we will find, adding GH on both sides, that
DG +GH DKG+GH,
or
DG + GH  DC.
But
DH < DG + GH,
Hence DH is a fortiori < DC. But DE > DC, since in triangle DCE the angle C
is right. Hence DH is much more < DE. The point H, the end of the thread GH
is therefore situated inside the angle DCE. From this it follows that between
A and C the end of H never gets as far as CE. Hence CE touches the curve AC
at C, so that DC, to which CE has been constructed as a perpendicular, cuts
the curve at right angle. Q.E.D.
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