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The Theoren. If between the same parallels any two plane figures are constructed,
and if in them, any siraight lines being drawn equidisiant from the parallels, the
included portions of any one of these lines are equal, the plane figures are also equal
to one another; and if between the same parallel planes any solid figures are con.
structed, and if in them, any planes being draum equidisiant from the parallel planes,
the included plane figures out of any one of the planes 20 draum are equal, the solid
figures are likewise equal to one another,
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To Generate the Cycloid. Lot the dinmetor 4 B [Fig. 1] of the circle 4 57 5 move
along the tangent AL, always remaining parallel to its originael position, watil
it tales the position 0, and let AC be egual to the semicirele 4G, At the same
time, lot the point 4 move on the semicircle 4@ 8, in such & way that the speoed
of 4 B along A¢ may be aqual to the speed of 4 along the semicirele 4G 8. Then,
when A B has reached the position &0, the point A will have reached the poai-
tion ). The point 4 is carried along by two motions—ita own on the semicirole
ARG R, and that of the dinmeter along A¢7. The path of the paint 4, dus to theas
two motions, is the half eyeloid A .- - D, the seeond half being symmetrical
with the first.
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T'o Generate the Cycloid. Let the diameter 4 B [Fig. 1] of the circle A EG B move
along the tangent AC, always remaining parallel to ita original position, until
it takes the position .0, and let AT be equal to the semicirele 4G 8. At the same
time, Jet the point 4 move on the semicircla 4G, in such a way that the speed
of 4.8 slong AC may ba equal to the speed of 4 along the semicirele AGH. Then,
when 4 .8 has reached the position O, the point A will have reached the poai-
tion . The point 4 is carried along by two motions—its own on the semicirele
AFGE, and that of the diameter along A, The path of the point 4, due to thess
two motions, is the half cycloid 4 - -« D, the second half being symmetrical
with the firat.

[ 1] AEGB AB AC CcD
AC AGB
AGB AC A
CD A
A
AC A
A D



The Nature of the Cycloid. Let the line AC and the semicircle AGE be divided
into an infinite number of parts such that aro AE = aro EF = - - -

= line AM = line ¥ = line ¥0 = ---.

Draw the sine EE; perpendicular to the diameter A B, and the versed sine AE,
ia the altitude of A when it has come to E. Bimilarly draw FF,, &, eto.

Lot MM, be parallel and equal to AF,, NV, parallel and equal to 4 F,, eto.
Let M, M, be parallel to AC and equal to BE,, N, N, parallel to 4.5 and equal
to FF,, ete. [Roberval’s notation for M, &, ... s 1, 2,...; for My, N, ... is
§.8.....]

When the diameter has reached the point M, the point 4 will have reached
the position X, the distance of 4 above AC will be MM, = 4K, and the dia-
tance of 4 from the dinmeter 4F will be EF, = M, M, hence when the

diameter is at M the point A is at M,. In the same way, when the diameter is
at N the point 4 is at N,, etc. We thus get two curves, one A M, N, - - - R,D,
and the other AM,N, --- R, D. The first of these is the path of the point 4,
which is the first half of the cycloid.

Traitedes Indisibles; 1634

AC AGB AE EF AM MN= NO
AB EE1 AEL
A E ( sin )
FF. GGy MMy AEL
N N1 AF1 M1 Mz AC
EE N1 N2 A FF1
Mi N1 Mz N2
)
M A E AC
A A MM:1 AE AB A
EE:r M1 Mg M A M
N A N2
AM> N2 R-D AM1 N1 R:iD
A

The Companion of the Gycloi:i. The curve drawn throngh the points A M, N, ..
R, D, ia known aa the companion of the cycloid.®

v
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Proposition 1. The area of the figure included between the cycloid and the com.
panion of the cycloid is equal to the area of half of the generating circle.

quf.Withinth&ﬁgde,N,---E--N,,Hyndﬂh&ﬂﬂ@f,:ﬂﬂl,
NN, = FF,, 0,0, = GG, etc.

Now M,M,, N,N,, 0,0, divide this figure into strips whose altitudes are
AR, E\F,, F\@G,,..., while EE,, FF, G@,,... divide the semicircle AHB
into strips having the same sltitudes. Hence the corresponding infinitesimal
strips are equal. Therefore the area of the figure AM N,...D... N, M, ... 4
is equal to the area of the semicircle AH B3

Proposition 2. The area of the figure included between the cycloid and its base is
equal fo three times the area of the generating cirele,

Proof. The companion of the cycloid, the curve AM,N, - .- D, bisects the
parallelogram A BCD, since to each line in ACDM, there corresponds an equal
line in ABDM,.

Thuvi;omthaamnf.iﬂ'ﬂﬂ‘l = } the area of ABCD
=4 . . .2-circdle AGB
. LE] 1" " ﬂirdﬁtta-&.

-

Therefore the area of ACDM, = ACDM, + AM,...D... M,
= circle AGB + } circle AGB
= § circle AGB.

Dﬂﬂbﬁﬂsrthamhatmth&wﬁulenychidmditabuaisaqua] to three times
the area of the generating circle.

o

N o6 P & F § ¢
Traite des Indisibles;1634
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omens lineae ( ) omnes
omn

1 1 1 1
omnx=—omna= —a? omn x2=—omna2= —as3
2 2 3 3

13



AFDC FC

NE BG AF HE BM NH MG HE
NH AF a DFC ACF
omn omn omn
omn  omn omn
DFC ACF AD
omn X omny omn omn(X y) omnx omny  omnX
omn x 1/2omn >
1/2a2

omn X2 1/3omn aZ

1/3a
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Proposition 21. Al cubes of the parallelogram AD [Fig. 1] are the quadruple of
adl cubes of esther iriangles ACF or FDC.1

All cubes of parallelogram AD are equal to s.c. of [the line NH of] triangle

ACF with a.a. of [the linea of] triangle FDC, together with three times a.l. of
triangle FDC with a.s. of [the lines of] triangle ACF?

Un chapitre de I'oeuvre de Cavalieri. Les proposition X XX
de ’Exercition Quarta Mathesis 36 (1922)

21 AD
ACF FDC
AD ACF
NH FDC
FDC ACF
3
Fig.
cube ( ) a.c. ( )
a.s. ( ) a.l. ( )
triangle parallelogram squares
altitude ratio resolve remain
product together with

15




Now a.c. of 4 D are the product of a.l. AD by a.s. 4D, and this is to the prod.
uct of a.l. of 4D by a.s. of triangle FDC as a.s. of the parallelogram 4D is to
a.8, of triangle F.DC (because their altitude is the same, namely a.l. 4 D), and
this ratio is 3. Hence a.0. of 4D are equal to three timea the product of a.l. of
AD by a.s. of triangle F.DC, and this is equal to the product of a.l. of trisngle
ACF by a.s. of triangle F.D(' plus the produet of a.l. of triangle FDC by a.s. of
the same triangle F.DC, and this is equal to a.c. of triangle F.DC. Henoe a.c. of
AD will be three times the sum of a.c. of triangle FD( and the product of a.l,

of trisngle ACF by a.s. of triangle FD(.

If now we resolve a.c. of 4D into its parts, then we shall get a.c. of ACF plus
a.c. of FDC plus three times the product of al. of triangle FDC by a.s. of
triangle ACF plus three times the product of s.1. of triangle ACF by a.s. of
triangle F DC. But three times the product of a 1. of triangle AC F by .8, of triangle
FDC is three times the same product. If we take it away three times of what
we take away remains. So that a.c. of ACF plus a.c. of FDC and three times
the product of a.l. of triangle FDC by a.s. of triangle FAC are three times a.c.
of triangle FDC. Now a.c. of triangle ACF plus a.c. of triangle FCD are twice
s.0. of triangle FOD, since a.c. of triangle ACF will be equal to a.c. of triangle
FCD.

Hence three times the produect of a.l. of triangle ACF by a.s. of triangle FCD
tpgether with three times the product of a.l of triangle FCD by a.s. of triangle
FAC and a.c, of the trisngles ACF, FDC, that is a.c. of parallelogram 4D, are
equal to the quadruple of a.c. of triangle F.DC (or triangle FAC).

This is so, since the product of a1, of ACF by s.6. of F.OC is equal to the prod-
uct of a.l. of FDC by a.8. of ACF, and this is so because of the equality of the
lines and their squares in those triangles FDC, ACF which alternately corre-
spond. Hence three times the product of a.l. of ACF with a.s. of FDC are equal
to three times the product of a.l. of F.DC and a.s. of ACF. This makes the proof
clear.? ’

a.c. (
a.s. ( )
a.l. ( )
triangle parallelogram squares
altitude ratio resolve remain
product together with
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AD AD
AD (
)
AD F
AD
FDC ACF
FDC
FDC
AD FDC
FDC ACF
AD
ACF FDC
ACF FDC
FDC ACF
FDC
ACF
ACF FDC
FDC FAC
FDC
ACF FCD
ACF FCD
FCD
FCD ACF
AC FCIl
ACF FDC
AD FDC(
FAC)
FDC ACF A
F FDC
FDC,ACF
FDC

omn(X+y)
omn(X+y) (X+y)
DCP> omn(X+y) X2
omn (X+Y)

—»> omnX?
omnXy?2 omnX2y
omn(X+y)  omn (X+y) X2

omn(X+y) omnX2
omn(X+y)  3omn(X+y) X2

3 omny X2 omn X2

3omnx3 3omnx2y

omn(X+y)

omnxX3 omny
+3omnxy2  3omnx2y
omn(X+Yy)

3omnx3  3omnx2y
Somnx2y

omnX3  omny +3omnXy?2

omnX3  omny3

omnx® on |

omnx3 omny +3omnXy?

omnX3  omny3+3omnXy?
3omnx2y
omn(X+y)3

D omnX3

o

omnXy2 omnXx2y
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ACF ACF FDC 3omnxy2  3omnx2y

omn X3 1/4omn &% >

1/4a

omn X"

x"dx

O
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o

O THE AQOUTE HYPFERBOLIC SOLITY

Consider a hyperbolas of which the asymptotes A8, 40 encloss & right angle
[Fig. 1]. If we rotata thia igure about the axia A B, wo create what we shall eall

an soute hyperbolic solid, which is infinitely long in the direction of B. Yet this
solid is finite, It is clear that there nre contained within this acute sclid rectangles
through the axia 4 F, such as DEFG. I claim that such a rectangle is equal to
the sgquare of the seminxis of the hyperbols.*

We draw from .4, the center of the hyperbola, the semiaxis AFf, which bisects
the angle BAC, This gives us the rectangle AJHC, which is certainly n sgunra
{it ia n rectangle and the angle at 4 is bisected by the axis A8), Therefors the
square of AH is twice the square AFHC, or twice the rectangle 4 F, and there-
fore equnl to the rectangle DEF, as claimed.?

AB
AB B
DEFG AB
A BAC AH
AIHC ( A AH
) AH AIHC
AF DEFG
8
£ F
\ H
Fig. 1 DA G C
HF
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Theorem. An acute hyperbolic solid, infinitely long, cut by a plane [per-
pendicular] to the axis, together with the cylinder of the same base, is equal to
that right cylinder of which the base is the latus versum (that is, the axis) of the
hyperbola, and of which the altitude is equal to the radius of the basis of this
acute body.

Consider a hyperbola of which the asymptotes 4B, AC [Fig. 4] enclose a
right angle. We draw from an arbitrary point D of the hyperbola a line DC
parallel to 4B, and DP parallel to AC. Then the whole figure is rotated about
AB as axis, so that the acute hyperbolic solid ZBD is formed together with a
cylinder FEDC with the same base. We extend BA to H, so that 4H is equal to
the entire axis, that is, the latus versum of the hyperbola. And on the diameter
AH we imagine a circle [in the plane] constructed perpendicular to the asymp-
tote AC, and over the base AH we conceive a right cylinder ACGH of altitude

AQ, which is the radius of the base of the acute solid. I claim that the whole
bedy FEBDC, though long without end, yet is equal to the cylinder ACGH.

We select on the line AC an arbitrary point I and we form the cylindrieal
surface ON L] inscribed in the acute solid about the axis 4 B, and likewise the
circle I M on the cylinder ACGH parallel to the base AH. Then we have, accord.
ing to our lemma: (cylindrical surface ON LI} is to (circle I M) as (rectangle OL
through the axis) is to (square of the radius of circle O.M), hence as (rectangle
0 L) ia to {square of the semiaxis of the hyperbola).

And this will always be true no matter where we take point I, Hence all
cylindrical surfaces together, that is, the acute solid EBD itself, plus the cylin-
der of the base FEDC, will be equal to all the cireles together, that is, to the
cylinder ACGH. Q.E.D.®

20



AB AC

D AB DC DP AC
AB EBD
FEDC AH
BA H AH ( ) AC
AH AC ACGH
FEBDC ACGH
AC | AB
ONLI AH ACGH
IM ( oL) ( )
( ONLLI) IM ( ) ( OM
)
EBD FEDC
ACGH
( ONLI) IM
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D. GUILELMI OUGHTREDI,

Ad przcedentem Epiftolam ( poft Librum edi-
tum ) Refponfio. Quo quic}l) ille de hac me-
thodo fenferit, innotefcat.

Venerabili Viro & Amico plurimuom Honorando
D. JOHANNI WALLISIO

5
Avd ficile diei poteft [er:m.nd: Vir) quanta cum Voluptate perlu-
H ftravi ( prout per alia u:uu: Negotia, per infirmam Valetdinem,

grandem JEratem & ad finem gopdanmn, :.genm annum £2,) Erudi-
tiffima ez (de ploribus eximis fobolibufque argumentis ) feripta, ad me miffa,
Deoque primom, i luminum, grauas recognolco debims, qui um illuftn te
donavic lumine: Tibique dein é‘l’ill.'l.llol.'t etiam cum Admiratione, tntum tum
ripicuitatem, tum perfpicaciam mentis geniique ti; qui novam non tanm
wniveris ipfe, fed & alus aperueris viar, i abdiciffima Aras myfteria penctran-
di; Vewnbus incognitam, & ne ramm gquidem. uE me mAjorl MmOovEent
affety hec mvenﬂ tina, myfberiis cn:, quod Hunm'a Eques ( fcientailimus
le & fcicntiarum patronus | D, Coreder Cavendifb, jam ante annos vigint, mon-
[Era'l.rlt mihi Chartulaw ( Parifiis ad {& miflam ) panca quidem, fed egregia qua-
dam nova Theoremata continentem; per cwa.ﬁ'n { credo ) methodum excogi-
tata; que ego itdem ( methodo meis magis conformi) m.-.ratn abfolvi, & cum
g;nbus- mmmumcaﬂ, quorum 1 ex meo ﬁ;:r;ppu fecerunt fibi APOgﬁPhﬂ',
quod iple nunc ad manum non Quod repeto, quia jam tum videre
mihi vifus fum tanquam & [onqmqm fuboricntem luﬂem, patefafturam mira ; que
fupremis hifee mundi feculis um genus olim aliquando foret :.m,dmum.
Quam cgo lucem, tune, quafid longinque confpeftam, flumbam; nune, ut in
propunquo politam, ; profpens his initiis dfu]gn::m Quod No-
men meum, feripes hifte tuis nunquam emorituris, dignatus fis, infigni
tuo favori debeo: qui gloriz twx nihil uloa conferre valeo quam planfum meum;
Prwﬂzuud Deom, ut velit ille perficere fic feliciter incepta; fuzque Gloruz pro-
moy congrua, Quod ex animo precatus,

Tui Amantillimus &
Admirator,

Guiderus Oughired,

Agufli 17. 1655
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365
ARITHMETICA INFINITORUM.

SIVE

NOVA METHODUS INQUIRENDI
in Curvilineorum Quadraturam, aliaque
Difficiliora Mathefeos Problemata,

PROP I
Lemma,

I proponatur feries Quantitatum s, : five
juxta naturalem numerorum confecutionem ) continue crefcen-
tium, 4 pundto vel o (ciphra, feu nihilo) inchoataram, (puta
ut o, T, 2, 3,4, &c. ) propofitum fit inquirere , quam habeat ra-
mmﬂmummumaggmgamm, adagg:‘egamn totidem maxim:

Simpliciffimus inveftigandi modus, inhec & fequentibus aliquot Problematis,
clt, remipfam aliquoufque praftare, & rationes prodeuntes obfervare atque invi-
cem comparare; ut indutlione tandem univerfalis propofitio innotefcat.

Eft igitur, exempli gratia, :%_; {%rii—;z_;.
arbrbaba=4 i i, B g e Ll
3tititi=n " st 4tatata=a0" "
ofrdatitedy=r_,  ofrtatitetsio—ar_,
stststststr=30 °  etetetototefe=gn
E;ol:;ﬂ modo, quantumlibet progrediamur , prodibic femper ratio {ubdupla, A-

ue
PFPROP IL
Thearema,

I fumatur {eries quantitatam Arithmetice-proportionalmm ( five

juxta naru.ralmnl mmm confecutionem ) -:a:l:lmﬁus mfmnrtld
mn,hpun&ovem tnmm,:‘.!tmlmemqmdem 1tarmn
infinitarum (nulla enim difcriminiscanfa erit;) eritilla ad feriem toti-
dem maximz zqualium, ut 1ad .

Mempe, fiprimus terminus fit o, fecundus 1, (nam fi fecus , modenatio adhi-
benda erit,) & ultimus } erit fmma 2

I L
= 7 ( erit enim, eo cafr, mumerus ter-

minorum/4 I.) Vel, ( pofito numero terminorum s, quantufcunque fit terminus
fecundus ) 3l

Zz13 FPROP

26



O+1+ 2+ 3+ xxx+ n

n+ N+ n+ n+ XXX+ n

3+3+3+3 12 2
0+1+2+3+ 4 10

A+4+4+4+4 20

0+1+2+3+4+5_15 _ 1
5+5+5+5+5+5 30 2
1

0+1+2+3+4+5+6 2
6+6+6+6+6+6+6 42

27

3

N |



366 ARITHMETICA Prop. 111.
PR OT. I1II.
Corolfar s,

Emi'r“m ad Parallelogrammm {_fauper sguoli bafe , egus
) off wtx ad 2.

Trianguhim enim conflac guali ex infinitis rofkis allelin Acithmctics pro-
portionalibus, & punthc inchoaris, quarum masims =it Dafia, § ut oftendimoe ad
pr. o7, & o3, I?bri naoftri de Conicis Sedtionibos 33 Parallelogrammonum autom ox to-
tidem  bali equalibue, { ur pacec: ) Brgo illuod ad hoo =it ve x ad 2 { per procced. )
Dpod erat demondbr LhEE.

PR O IV
Ehraliarirrs.,
Tem , Pyramideeidesr wel o rdesr  Parabols { ereifumy Gt five

mJ'm;:raun,) ad Prifina vel Oylindram (figper ag f e, oegae-aliarme,)
L2 2 4 E

Ay T
s
Conftar enim Pyramidoeid wel €3 les Parcbolicum quali ex  infinicis pla-

nis Arvithmetce-proporuonelibue, & pundia ll1-|:ll::::|.l' guarsum  maxima =it bafis
ue aftendimus prop. o. Con, Scit. § Brifne vere vel Gyplidioe or totdess batl
=qqualibue, { we patct : ) Ergo illud ad hoc v 3 ad 2, per prop. =

QI proponatur feries Quantitatam in duplicata ratione Arithmetice-
Y _prups:-rtiunalmm., (five juxta feriem numerorum quadraticorum.,)
continue crefcentium, A punéo vel o inchoatarum, (puta ut o, 1,
4, 9, &c.) propofitum fit inquirere, quam habeat illa rationem ad fe-
riem totidem maxima zqualium ?

Fiat inveltigatio per modum indullionis, (ut in prop. 1. ) eritque

°+I:‘I___ e T 1 ?_+{+4'_'_"_I--~ ]
I+1:-2_E_-! = *l-++++=”-m§+ﬁ.

ofrhato=te . .. o 841 9 e g g

stofofo=i6 " T 16F16Fi6ti6tie=s0— ©

o 41 44 +5 t16t=35_ ..,

25 + 25+ 25 +25 +25 +25=150

o 41 +4 49 +16425436= 91 __ ., . .

o —— i S—— et T fe=—i . Etfic dflﬂ.ﬂe

36436436+ 36 436436+ 36 =252 #=ihs Y
Ratio proveniens eft ubique major quam fubtripla, feu §.  Excellus autem

perpetuo decrefcit prout numerus LErMINOIUM AUGEtUr; Ut §, yiy 1iy 5t 35 3 ) &C

au&Eﬁ nimirum fraétionis denominatore, five conlequente rationis, in fingulss lo-

cis numero fenario, (ut pater,) utlic ratonis provenients exceflus fipra fub-
triplum, €2 quam habet unitas ad fextuplum numert terminorum poft o. Ad-

eoqus
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2 — 00

02 +12 + 22+ 3 +xx+n?
N +n>+n®+n®+:::+n?

1+1 2 6
O+1+4_5=1+
4+ 4+ 4 12 1
0+1+4+9:14=7=1+1
9+9+9+9 36 18 18
0O0+1+4+9+16 :3023:1+1
16 + 16 +16 + 16 +16 80 8 24
0+1+4+9+16 + 25 :55:11:l+1
25 +25 +25 +25 +25 +25 150 0 30
1 3
1 1 1 1 1
6'12'16'24 30"’
6
1 6

0 +1°+2°+3F +x+n® 1
n% +n? +n?+ n? + x4+ n?
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o+1_2_1,1

1+1 4 4

0+1+8 _ 9 _1 1

g+8+8 24 8
0+1+8+27 _ 3% _1_ 1

27 + 27 +27 +24 108 1
O+1+8+27 +64 _ 100 _1

64 + 64 + 64 + 64 + 64 320
0 +1 +8+ 27 +64 +125

125 +125 + 125 + 125 +125 +125

Excel
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S 1 proponatur feries quantitatum in Triplicata ratione Arithmetice-
proportionalium, ( five juxta feriem numerorum Cubicorum,) con-
tinue crefcentium, 2 Ipun&u vel o inchoatarum, ( puta ut o, 1, 8, 27,
64,&c.) propofitum fit inquirere quam habeat illa rationem ad feri-
em totidem maximz zqualiom?

Fiat inveftigatio per modum induétionis (utin prop 1. d19.) Eritque

ot1=1 , . of148=9
=it g =istH
2 xf ey ge a+ it arsion

srarfarar=to8 T T¥ GG et ba=g20 T E

o 1 <48 <4+ 294 64._-|-r11;=u;__‘_+éw
=3

125125 +125 + a5 f 1254125 =750
o 41 48 4+ 274 b4t 1254216= 441 _  _ .,
216+ 2164216 4 216 216 4216 z:d:;;:;_h'—rl-“'
Et fic deinceps.
Rauo proveniens eft ubique major quam fubquadrupla, feu }. Exceffis autem
E:PCWG decrefcit E;cal_t NUMErUs TeIMInorum augetar, puta 4,3, %, by bo, &,
. autto nimirum ionis denominatore, five confequente rationss, in fingulis
locis, numero quaternario, (utpatet; ) ut fit rationis provenientis exceffis {upra
ﬂ:ébqu:druplam, ea quam habetunitas ad quadruplum numeri erminorum poit o.
eoqae

k

y=X
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His approach to the determination of this limit was empirical. For exam-
ple, in the case k=23 he noted that

e B R B R

Tap 4 a4t

P8+ 24 4%

P 43P 439430 108 4 127

0’+1’+23+33+43'_1"ﬂ_n=_1_+_1__

PrP+42444+4 320 4 16°

C+P+---+5 25 1 1.

P44 ... £5 750 4 20

C+P+--- 46 441 _1 1

+6+ .+ +6 1512 4 247
On the basis of this numerical evidence he concluded that

P Pdes e gn? 1. |

et +nt 4 4n’

so the limit as n— o0 is ;. After carrying out such computations for several
small values of k he inferred (without further proof) that

LR ol I 1
m k k k-
:q—'-np" +ﬂ e aBCRER | k+]

(22)
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/ The quadratare of curves of the form y=x", with k not necessarily a
B

positive integer, was first attacked systematically by Joha Wallis
(1616-1703) who was the Savilian professor of geometry at Oxford. In fact,
rational and negative exponents were mtroduced by Wallis i his
Arithmetica Infinitorum (The Arithmetic of Infinites) of 165, which (as we
will see in Chapter 7) had & decisive influence on Newton's early mathe-

A

x  matical development.
K y = x

Savilia
Arithmetica Infinitorum( )

On the basis of computations with arithmetical indivisibles similar to
those described in the previous section, Wallis knew that the area under

the curve y = x* (k a positive integer) over the unit interval is given by

0

b ook
flx"‘dx- ki 0F+ 1%+ +n*

new pkppkyp oo gk
y =x*(k

1, 0K +1¢ + x40k
QX dx = lim —— -
¥ Nt +n°+::+n

AB
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gk
am

m=0

0F +1% + 2% + 3% + »x+ nk

n*+n*+n*+n*+xnk  (n+nk

1 0 234

0+ 1+ 2+ 3+ xxx+ n
n+n+n+n+ XXX+ n

123 456

N| P

N| =

1 2

lim 0+1+2+3+xxxtn _1
ne¥ N+ N+ N+ n+xXxx+n 2

2 — 00

02 +12 + 22+ 3 + %+ n?

N +n>+n®+n®+:::+n?

9+9+9+9 36 18 3 18



0+1+4+9+16 _30 _3_1, 1
16 +16 +16 +16 +16 80 8 3 24

0+1+4+9+16+25 5 _ 11 _1 1
25 +25 +25 + 25 + 25 + 25 150 0 3 130
1 3
11 1 1 1
6'12'16 24 '30 "’
6 1 3
1 6

0% +1%+2% + 3 +xxn?
Ilm 2 2 2 2 2
¥ N +n“+n°“+n“+:::+n

_1
3

3
i 0% +13+ 23 +3% + w04 n?
m
e¥ n®+nd+n®+nd+:n+nd

_1
4
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