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New ProeBLEM

Which Mathematicians Are Invited to Solve?

If two points A and B are given in a vertical plane, to assign to a
mobile particle M the path AMB along which, descending under its
own weight, it passes from the point A to the point B in the briefest
time.

(Acta Eruditorum,Leipzig,1696,P296
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Brachistochrone Problem

To arouse 1n lovers of such things the desire to undertake the
solution of this problem, it may be pointed out that the question
proposed does not, as might appear, consist of mere speculation
having therefore no use. On the contrary, as no one would readily
believe, it has great usefulness in other branches of science such
as mechanics. Meanwhile (to forestall hasty judgment) [it may
be remarked that] although_the straight line AB is indeed the
shortest between the points A and B, it nevertheless is not the

path traversed in the shortest time. However the curve AMB,
whose name I shall give if no one else has discovered it before the
end of this year, is one well known to geometers. -

(Smith,A Source Book in Mathematics,P645 )




To determine the curve joining two given poinls, at different
distances from the borizontal and not on the same vertical line,
along which a mobile particle acted upon by its own weight and
starting its motion from the upper point, descends most rapidly to the
lower point.

The meaning of the problem is this: Among the infinitely many
curves which join the two given points or which can be drawn
from one to the other, to choose the one such that, if the curve is
replaced by a thin tube or groove, and a small sphere placed in it
and released, then this [sphere] will pass from one point to the
other in the shortest time.

In order to exclude all ambiguity let it be expressly understood
that we here accept the hypothesis of Galileo, of whose truth, when
friction is neglected, there is now no reasonable geometer who has
doubt: The velocities actually acquired by a beavy falling body are

proportional to the square roots of the beights fallen through.

However our method of solution is entirely general and could be
used under any other hypotheses whatever.

Smith,A Source Book in Mathematics,P
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Fermat has shown in a letter to de la Chambre (see Epust.
Cartesii Lat., Tome I1I, p. 147, and Fermatii Opera Mathem. p.
156 et. seq.) that a ray of light which passes from a rare into a
dense medium is bent toward the normal in such a manner that
the ray (which by hypothesis proceeds successively from the source
of light to the point illuminated) traverses the path which is
shortest in time. From this principle he shows that the sine of the
angle of incidence and the sine of the angle of refraction are

cals of the densities; that is, in the same ratio as the velocities
with which the ray traverses the media.

Smith,A Source Book in Mathematics,P
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If we now consider a medium which is not uniformly dense but
[is] as if separated by an infinite number of sheets [ying horizontally
one beneath another, whose interstices are filled with transparent
material of rarity increasing or decreasing according to a certain
Jaw; then it is clear that a ray which may be considered as a tiny
sphere travels not in a straight but instead in a certain curved
path. (The above-mentioned Huygens notes this in his treatise
de Lumine but did not determine the nature of the curve itself.)
This path 1s such that a particle traversing it with velocity con-
tinuously increasing or diminishing in proportion to the rarity,
passes from point to point in the shortest time. Since the sines
of [the angles of] refraction in every point are respectively as the
rarities of the media or the velocities of the particle it is evident
also that the curve will have this property, that the sines of its
[angles of] inclination to the vertical are everywhere proportional
to the velocities. In view of this one sees without difficulty that
the brachistochrone is the curve which would be traced by a rav of

light in its passage through a medium whose rarity is proportional
to the velocity which a heavy particle attains in falling vertically.

Smith,A Source Book in Mathematics,P651
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