1R REIE (2000512848~6R)

~ZEBEOQOZCADIHLE~
B mRALceEstREnRERs W8 E




Eall
Cabri Geometryil (AFVII ) DEELF]

T o . pfrgrasbre. B VTRV TR R Y

-hﬂﬁ-ut
f AP Texas INsTRUMENTS
L Ll S T — T T T PR

I [Faure 5]

A8 EESER. BB, TRETS.

ELos HEEECSEERTS,

; ZNTWSAR-R, BEL. 2o0EEOZAICAEERT S,
2ODEEOXAEFRTS.

Ii_ﬁ | AERVIRELCASENOER, 4132 AR EREEETS
5 2AEEETAILCLY, RAERETS,
W 1 SLABEEETICLCLY, SEMERET S,




Bl A, B 89, $ERCERCERLERTS,
T 1 AEEY. M. @5, LR A AEREERT S,

B A 9 $r2204AHETS,
St EN_W0W RS FR2AOPSERIBE_SSBEER
T3,

IRERETALICLY. AN ZHSREFET S,
2ERBICHELESMTTRANC S,

PrAZ BAORSPAMOEREEESTIAEHETS. &
COICHEBLAIREEWEL. RICPOLADEERET .

waw AAUREA, B, CEEDSANES, B, BiclF3.

&r/FRT HELCREREEESSET, BEh T AR BT
g 75,

Rl

Eiﬁ;}; WY MEOOA FTHLA BREEBA LR, Deleta+—£107,
1

DRICEY] WRE(E) oy MEL (U)ERE.




RE2 2-299krmge)

EYKAEIAOY

ETOIXEINN BIBA» IE*
EK TQN @EQONOZ IYN:

OYELION
F.k-ntwh mﬁaynm gt plhA.

Adiefiaprefaienail o quade dsplas

m&,- A b Fodeie H . A:zulr'h'l mﬁn‘b ek, By

g, S 5 rypuing, ik il s v
braniioiare, st b v diler i A8,
NEREANTIC B Y ALY . i f e
—y ﬂ’i:wm.hﬁﬂfﬂlﬁ' el e
it ek b, "H‘:ﬁ"‘-‘!"l‘f‘“
L i afer i 0, Amwi 77 B Bl .
e i
P Rk - afa,
ety i e b
lhtll-iily'ﬁuﬂh_quﬂ. “‘
-tﬁw‘mmaww‘ .\l
m-lﬁ-h-ﬁ-hi-ﬂ.b‘
Caprom i, didiig Pl ] A
'ff.mh“ . baBe s v d rypanri i =
W Gah G- prisoplas Mdmitmﬁw‘ﬁ‘tﬂh&
EASILEAE APTD 10AN. FERVAGIVE AnXD ] ".,,-’_

N D XDXXTIL MENSE FEPTERLRS

S v 2 :tr,au:uwnmms:muanmenua
—— 2 atz % AR (1530)—editio princeps. R EOM
E SN RiVeE2ORETHE. REREREEE
oI,

W -ﬂm’;—n Gn
2 m_a&nuaaw : ::1‘,;%
TP whrmr e b, vl il abien i i, ol ole F
?‘;‘wﬁdm‘hﬁ A I npae vy @ -5::’0 e
sk o, J&tw;& A S n’,‘ d
"mm m- *-h‘- i
vt ua,,ﬁg.?,,::sﬁ o et rusnf
Slop e i farrip mhdbpaio. o e A ks :
e e
Ad -:m:-hham T
! T - iworebal
Whm.nu#r

© e i -llp -wdﬂ- ,Inpﬁ“ -'
i -Indu? | oo vuic B LA Iﬂ
-9--#«0 i v-‘\l-.p-ﬂw s By jiom

ettty for) FYatzy AR(INND T, W1 ROR

ot - DYDY, W6 L EOH, AW AT—L
"m Im,.’ i PBE R TS ADEE— L EORETLR
o — wrnﬁmnwﬁl-“&!ﬂ‘a)m CHEhTvEEMNRLAS,

[N—



TR

[OX, GL! SEHOLN WX TICHL
i -

IN LINCYA LATINA DA M,
FEDERICO COMMANDINO DA u.nlo.

ET HOR4 IFORDINE DELLISTESSO
TRATSORTAF] NELLA MOTTRA FFLES

P :
CON PRIVILEGTOS

ADOTTI PRIMA

& con Commentarij Sudkrad r

ar el rimedasi- .

-

Ix Fa®ixo, APFrREIIO

‘poMENICS FRIIGLINS
MoB REER

“feoN L1 SCHOLU1 ANTICHL

= peeriay
S AW

‘DI-EVCLIDE
JLLBRO DYODECIMO
F LT DE $0L1DI LIBAR JL

ET € O MMLNETARIIL
gl o

THRORTMA 1 PROPONITIONE 1.
POLYGONI Simili, che i defesi

idameri,

¥ jawdl A BCDE FOHEL, & well
; wuuuouc&ﬁmn
otk Gamn B GM_Dico come i wus
B Arisn s £ o esern
Bpehgean d BT UE W poivywse F G HEL .
BL AM Glo . pirghe
T8 ho b BCD Er i o prriosa § GHE L. 1o
char! BAL angeie G F L

L el1n G F sl L, adirne i

ewneais B Auls A

S
P L i rwaiprts vl o welsngole , mad Fangels b A & iaageie
GPL.. m e

3, ptreior e £ form s e mndeions cirpefiens
o F N G adungus inchor Fingule gy .I L
-,—-um—lt.:-::: o e N, e drk-
anan. 8 b
eTEN S n—uun..nu.n%'.'?a‘..,"‘""q,_ el
[y M

pspatinnt i BA § G, ¢appesls pouver-

i-—uuv:u- s F G HK L . cume gt 4 g
) el G N, ookt g - RELDE & poirpen
[+

DE GLI ELEMENTI|

uons ne cerchi fons frabom, comei

BERDA F IS ORETEL T Ty / (Federica
Commanding 1509-15751 i3 # { ¥ U & 7 WEOH
BO3FrREfiEet, £za=00y FD Tt
o TR AFAOBEDT FRINETHD.
PEREaL L Fa B T0T TR "Rk LB
oA F I ABCRELE LD THS, ERIORE T
® 2 EEH 12 EREROE LB T, p - RIS

L2 O-HSRA T D,

| e deki hasmerr

1, - s %

T LIRRO DYODECIMO.

T . et

THEOLEMA 1L PROFOUITIONE 11

it delli & -3

9
BED EFGH, isiomenrite-
i

ama

¥D FH. wasdrme . 8 Dl
S
e ds 1D & quadrise ook
uepun.-n‘ e bl TLLTTNS

g L o
heaw £7 T H daiarusad FOH. ondeil

.

i
3 dai prackicEF
MH HN WLtk s simars
i b

o
de e

i ;mele leerree LE KF FL LG QW
ol | W

P My

shefpie s miio seme wndee ARCD
AZBOCE, KFLGH MM,

e e ALCD & popieab (i e, ak 1o s

ERFLG! -t B crvhes 4 8 €D magpors da poippule, che om ol |
CL .

MCD -
e b o i
ponia 5. LA

el




W3 2—oU IR 8 B AR

E4p

- AT ARRSNOROORF. AREneRETETEOSTE Lok y
b RREEARRETCART E L hn,

L Mmfic, SETIESORLuOSTE, AELRAENCBDResREE

Faie EEREECAETE L nE,

AETLENCEOUODANARECAEE P, NEEELSTCANTL &

v g,

4 HETaEECHONOODE S NcRTE: §, ERENERCAET S E

RRels M

S, GRS, PHELLER Te

BT LivRng.

ARFAN L SEROMDNCOREMTE L 8. FCENCANTE &v

(1.3

T RERTOREEREEChbLE. REMARRE L hh,

"

-

L

=

SLbAEIARNCOEAREEELE,

FLENCTMNE AL bk, Lok @ EAK ADT EAEME R A L.
BARS AT Sl B SR et IRRER 8GR TRET L, 4

="
by AN, Br, FA ckl AE 4F o4 2
FR R T S,

EATRArA AR R TR CRL L, B
& BL WES AL WL, dB
EipimrTRCEL, IO I Ec g
Lin ARl L RS b B
ERFTA=SAZAET S, SpeiAr i
SEIRS DL TR S, Sk AT L4
B A EELe, Mo g LELEy, LRELTIRE fE AL AR 4F
PERLE. BRL A ERUE L JB AL S A e LT B,
ICAEAEL. T8 & £ H cunaasmnthien, B 48 AN Fip
EFETAE Y, Sk L LEBIOLE. RalilEnm: LN i smhe AR
FrsC e A L2 R T ks s SR FAETRS L LI, SR 4 E
PLEL A AT, aW BB LT Mehs GRS AR, B ra T 1Y
BeThAE, LEF.T PRACEL. T AN AN SAmsns Amhes: Eh
IHE Rl S AR L

ATHLGhS TN AN LR BTN SMlSht, ShEmEF<pbEhthor,

w5

SLLhEZANEREANS RS 5,

SLBNETREE AN Lok BEbLhi =am
ARF CAEANS s L
i AR AT s, Fuw-TINgadl. & 4 Fp
b AR AT CERC AT B SDahiiel, thess
GHTAN AST o WD S bk Sed BT oRmT
Wit LTRSS,
STANT I T REL, ID, IT, Ed e
bk, BATRIE A0 3 AP R o, I CERT R T, BT AT
BED IN Bl MBC LT P AT WLt AL S e Bk IN |
Lot TRENIE TATE VN SR TR e Whrt, LEF T T EPLEL,




el e —— e e et e 1
ZA 28, ZM o=k BE L LT PSSR,
miofeb@l, TLTIOMR SME 4B &
pEEn2TREY, AR e jonmdn iy F
s B
RMIEOL ik AZ, EX pme BC kT T
e THETEEL, A7 @Ehic4 L, BE
ELTE ZEAEAE AR CABah BT
2 bEEWLAE,
kRS IMOL 3k 42, EZ 8= a8 ABM &
oA I LT HETaL L. AZ BI FZ
SRR e L. TATHRIEE A 1B I8 icw
L&, 42 BRBTHCEREL TG, EQAZR
ED BZ WLy, BMEMELT I 4 A2 c@L
vt GERL3E, Thedt I I cWLy,
wik £ gpibl, Z4, ZB, IF o—cpig
ELTASE RS, AYoAE LD, SAE AB" EABERTH LTRSS,
I THLEALEANEAENESAL, ChaNBET~<ELOTh o
FLTEOS LR MENTRS, Tobbhopis SAEOMBIE S5 5E80H, &
EAI g ¥HE AN MCRINE, ERLEAE L, PoO0NS BF bewtp e
B, W BA” pRERCLEnG, EATEE, EEAOPLMSAEONEICNSE
BRI A BAT WAL BRI ENs. EAL IS,

=6

FroheFEErEeAEsE2 L,

HibnsAE ARG b X, Ok aF ABCS EEFEERE S T G b,
F ABMd noonEg AN, Bé fEvEEREeT LI Ktd. AB BF, 4, 44
Hghifh bk,
AR E gL 0hah, BER BV WL, E4 gikl@oh-sERETib,
ER A0 20 A KWLy, PLBET 8, M'd OEAL AR, A8 OEIEWLN.
The i DI AR gWI Th . B THABTLAL LEBTS, WG B2l ABCS



Ara Iros—TREEAR)
mn = L] L]

LE &A=kl
¥ 1 o AMLROHAE 4. e Sl R AT
RN AR, Ll hhnage Tl abal
Y. kirRaFe s TLERRL Ao EcANLT
g teYcERLRLLE.
TS o [P-Elen 18 KT
s §, p 185 (A, & o260

Chb b ETE, RAnSTEMNC, BfF Erf F= (Learhend
Eukr, IMR=11) ofACAVAFERTECEEEL IS, LaXiR
A, BoEEoENREo - TORE L, EPoRse SRR

BEMA k0L E shobk b
WELRAD LRt a-Fd o F
STHELT, TFILThELLER
BT DA bkl

B ol kS hk SaD L D08 8.
= - ¥ 5 TRED A D Bl FE—ET S
Wil ERENE DD T
=il B b, SMFC (SRESED T

HAEE &S, 2 DESARTE LR bW, Lkda T, ZEN
AR R LESAR SRR L, ASEEORERESTSI-MEL
Koh & L Ena 06 B8, oo MO0 oERRCA HELD,
OR=30G, 20 GH=3¢ ekdt Sicdhs (Misak F5L. Gl
=1 oREwE, (A W3 SRENG, ANE AT ERRey
& A'D B BC o@E-WEHEASL, A8 L K EREESE. RS
e, e cdr, CNE ABCEREkaE.

ZAPCEOsLl~FritmEBo s bk, B2nicERTEL.
m-n:g; g Lllln'! 2. - L @] o,

f ey 1] £ =)
cEdmd-f. colEnk)omat, TREoRLE DL
L] ]

1 B pAe SR AS Sl T AECETREL L S LT

FAEESTANOUT SR SESE T 3L, AN 00 e 8T

fadi b O S
1 B &

TaASEE B

ET A AR PR E R,

1=l @ WL = R SO L

. MO A AT 60T, SWEEAN (ST bl tie v b
Wikl Pl FE 2 R SR TRED. (I FeSmialy

£ AASCOES 4D SRR,

TRwn 5wl

-

L.

I W] B~ FaL p Bl CED RO

L7 s=iarmANare Hlle & aa. &0 2 R N TR, RS
WG (b G E SOEE) Th T,

Bowd P — MR ED EFT L 1, S

o 8 o 1
BEE BT,
Lt a 4 A
Lol bl PERETCRDE AR R
aEMEETRE,
Fogir= fg— (Conbel Paiow 0318 )

[Packem 1, g 11

Aoy oR (Mo 0 oS &R OfE SART, bEe
EMH AN oREEAE L

SESANCARAL, 300K
EnELR-rkd, 404 BoES
AAEBEST, L LOSMESR
FLITT B

1.7 =mEoigons, @

EIMAREERGO, d%s
Lx) — i

S (Coecier 1, 5950, @078
okirR, B, CAd. Af HA, N8, NC obledhdh 47 F, O
At B YL, BEQRE DR, F TR AAATTIRE] W2,
ARk b, OF, PO RELE KRR 807, OF & AH e
el AHE B g h, WOE FCFCT TR0 D,
M CATTAT AERR oA LEK,T, 447, FEL T H
I CAGERTRE AL bRy, ChLbs EEt 2T 0 8 F
AL TIEAEES (AL L, SATT-E g R e, RO
caLaRELEE



®Es 1—oUyEIRIRING & (A EER)
6B

B #

. AR REEEL R A EREARL OB LV AR S LIS RATE G
DTH B,

2 — s oEEOI R SHORS RS X, S OORBRNERATS.]

1 @aE. THEERGESY LR, SEAKECEFCHTSLIE KEvE
A EVIBR AT S & &, PREATARL LV BRD.

4 TATOEBCE TS SRMAS S EIE D AERRTES,

[5. hokEESATEbEATASRED{BLE, ORRRLLHRINE

EvebhB,]

™ L&

b LEAES | DRTHc BRS onnsnel, SABO 20 RFETELEC
HHaTHDH, ELTHLZAFO ZASRATI ISR ST EhanG, B
FAERFELRE=ABOMI O L TLFTTHS 5.

EHF ABN 0190 B o 4E singat
bk, B4y 44 mitfakie, TE s B4
[+ a1 5 2-1
BE. [4 sigfhibek, £
FHThI=AN BIE =R FIE m® Ly, £EE
SRCED 48 L@ CRTR 4E, B oMic 3305,
ELT &R AERRLOTEE, E2IETSS0RLngoR BCLoEdL BCks
o Ehwi SHAE BAE p=@E AJE Ceialdic, =SAE ME fZAK 408
KT 5, LA ZAK BIE 8 AJE ize3 L5, B 85 44 Eab s, Avis
BELrds, ‘bt E b AR ~FEnitBWELods, ThEREWE BllEt
Ty FILERT SR FdE 4t AJE et a L 5kc, FE A BA kM3, waie B4

r

3 . e
g 44 estaL sk, FE# B4 clTe,

gro=AE ABN 01 AR, Al gL Szt an. B 8 44 mRrakd
(e, PE b EA =3, JE gishidat s L, JE i B £ R{ITHE LEH8T S,

RrFEsshse S, Bd gn 44 izt s r3ic, TE a2 BEd oarL, B gt 44 40
sHeLik, SAE BJE GBS AME sl TE & B m#+z 1z, ZAR
r4E BEAE AJE m3 s hh, =K BAE GERFE AE 23t E D, ZRiE
F4E iShE AJE ot s, TheiSAl BAE, [4E mgise AE CHLTHLE
ph. BARSAR BAE pSAK ME c¥Lw, TLTRLER dE mbikcs B, &
- m A LT 5 LW S AR CEFROMIch B, LidiaT AF @ 8T =%
A ThE.

2Ty LEAKO | MRS @R USh s 5, SABO IAERATIE IR
HETHE S, ELTLLEAROIOsSHNTSLIEANBAIREE. ERAEREE
anS=ABOHI o 1 IERETAE Y. TREERTSEIETh =T,

4o

HEviEfi®L TIo0=ZAR0 Ly BE RS ETREAL, Lob§F Ly
MicHT aUSTATAREGT 5,

ABF, 4T &% ABT #if AFEz, & BAP
fim C4E i, gr-@ ACB gim FE4 WL
Woon BNe ERELe L, =M@ 4B,
AE o LvAERATRERL, LabE
Lilic w5l Shan shisda L @t
=N
B i FE t—#le ptEGictr, Tithidh
ABI, AFB ozl 8LV hE, & ATE 2fy JET =@Livhs, ® ABC, 450
ORELEAL VS, FABE B4, B LESERAEREETES5. ERAAT 2
ERGTRES Lk,
EITIuIM ATE 3f ABC Ly, BZR NS E2FTHE, 3R A8 i
A JEC cWLvaeh, A 12 ZF KR THS, Thei 2404 pETOEIN Tha.



e e e e e i i i LT N S - |

wake Z4 /4 e, AF B IS 2By, ELT A =A% ZBE o | R R
gttt 04 5 AZ esitak s, BP £ FEedts, broagt AZ 3 Md
WLy LEfiaT BApi M ceraksic. B 5 TE kL, vhaat AR &
Br et &L e, A0 4 CE okt s, £f 7d & BE EEfTThEme, B 4 FE
RS £, & pf JF s Eosd L5 AT WLy, Thed B s
FEwfitaksim, AN 38 dE C#tl, wihi T B 8 54 mgrax e, TE
Ed it 3, €20 A8 o8 BF ek i, 47 8 FEmL, BN 2t rd oxy
Bk 5z, FE § B s kBRI hE, WM LD BA 0 AU icpt
BE 3z Fd g JE mHFE,

IatTRrkEAEELLFEs»0sAEOB LA R SEIRIEML, LaoEL R
it St A PG+ s, CHSEAT & L Th o,

By F

b Looo EREODS KT E2E, Co0SAEREC-EHETHD, S
TEOCHTEREWLVTHSE I,

ABP, JEZ gr@fehkWT 3 onZRET

A
&0, A g BC Estakie, JE 8
EZ watL, BP #2 PA csds Eak, 4
EZp Zdmstl, 2 BA & AP 2
takbie, Edal d2 gt sk, 2 . .
AT AB BZRE JEZ RATHD, W = "
ESl LA, TRbhbR ABC
# AEZ iz, & BUA @ 524 ¢, %= H
A BAN g E4Z e Lvi kBT 5,

W EZ beentnd B Zcpvos ABC cSLeR ZEH 3 4 ATE WL
vy BZH gia{ b kdl, FIThIBIO 4kt ammra J s
WL

SANE ABN 12 BHZ C®ATES, $ACIZAR A8, EHE oW LvAERELd
fEEFL, BLeRiomt Bl TAFhET e, LidlsT AR & BP REFRED
i, HE pt EZ icit+3, Eomat AR 3t BI ics4 2k 5k, JE a8t EX Eﬁhl"i--‘:é.



a1

BWHEE Smith A source book in mathematics

FEUVERBACH
O rem Trmorest Wi Braes Hin Nas
(T rasmted o the e By Praemsar Ry A ok, Hacriar Coflege

e Yark Gitg-)

Wihstm Enserbach, (L300-1514; was o prabmar of o thomatia 2 1he
c;:l-n !d-—ifﬁ—-l-nu- o o i o tha thesmeem
i btarn bim pubne s whirh oo rrpredinand & dw Tha prosieg

i 4 prdingen.
mhﬁh_Li-'n-r#!r—-.Hlﬂdhﬁ-Mh:n;'?d
i 1908]. It bncindes eetais pamages which lad up b e o, Sl B
ol sk s of the ork a8 ar med ok b the presl, A b the ey wHLE
&mﬂ“nﬁﬂfmﬂ--ml-ﬂﬂﬂh’-—#—
et by promctry of e tnags

CHAPFTER 1
i vun Crperess oF Tee Cincies, Whsest Towcn s Tumze
Smas oF & TELAHOLE

.I!:iwtduhmﬁnﬂn-uﬁu:r:imhuu
mﬂhugn:w:.h &duﬁﬂﬂ&mﬂu?
prieagh ead the giiens enernal omters 5, 5, 5, B,
ﬂﬁlpﬁﬁmdhﬂﬂwmdm-ﬂdﬁl

Lot the rads of the cirches about the e £, 5, 5, 57
ui;mdhyr_ﬂl".r'm:ﬁmﬂhmﬁnh
vl e wre

2a 2 B .,
o il F i L

ﬁnu-ﬂthr-&ﬂm#:ﬂﬂﬂﬁf—&mﬂﬂ*
ares of the wargle ABC.

L SOURCE BOOK IN MATHEMATICS

CHAFTER 11

Ox tue Ponrr or Ivressscros or e Peeremicnam
Dreoren raow e Vermens or & Toassme o e

15 I from the vertices of the amgdes of & wisaghk ABL
an.m.t?mw_ &0 Lhe opprane sdes,
pmdicoiars determine m triasgle MIVP, which i= nosahle i baving
e [raet peri of all wriengles lnseribed = trisngle ABC

the angles of the wiengle by o A + repectively]
e v AP = b oo o, AN = ¢ i o, benos

NP e P = Do aeos? &)
bt Bt =32 oon &= gf, whenoe N = o pef = amd
NP = o cid o sirmilarly MP = b coe 8 and MY = £ 220 3 61,
if the coumes kve sxpreserd in v of the sdes,
w_rf-‘+b—'—-r

fund simalurly lor MIP ke NPT 10 we sded these thres valae, then
HO08

alfmat o B e B0l — B 5 e a7 4 B - o) m LA
MW b WP NP o S and sines B B where A,

previomly, represerts the Tdius of tfie einele rincemscribed ahoot
trisngle ABC, the deenl rensle fa abimived:

MM+ NP+ P = 12

*[Thix = the lamilir forreale & = (o b b+ cloma o b clln = B cl
o+ b —a) s & wnnliied form.]
B Easly s bladetall, mime o s 7 = T4 iied B i v = i
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FEUERBACH Ml

[f the trisngle has an obtuse angle, say at A, then the corre-
sponding term NP has the negative sign in this relation:
MN + MP — NP = 24/R.
Thre theorems whrichr fothow are subject 1o similar modification.
423, Since AN = ¢ cos o, AP = b cos a, and Mbe sin a = 4,
it follows that AANP = Acos? a; likewise ABMP = Auxos® §
and ACMN = A.cost \; henee
AMNP = A(1 — cos' a — cos? § — cos® v);
but since cos? v = (cos a cos § — sin « sin §)® and sin® msin® § =
1 — cos® a — cos® § + cos? & cos? 5,
cos* x4 cos* f+ o'y = 1 — 2 cos a cos feos T,
and aecordingly .
AMNP = 24 co8 o co8 f cos v =
(=4 ¥+ e’ — P+ + 10—,
4aThict =

§24. If p designates the radivs of the mscnbed circle of triangle
MNP and g, o', g those of the escribed circles, then, by virtue
of §2 and §23, we have for the acute triangle ABC:

44 cos o cos B cos y
P acsatbcoesBreemsy
A = 44 cos acos B oos v
“acosatbeosfFooosy
[and if angle = is obtuse, these equations are modified by changing
the sign of each term containing cos «.)

Mow since in general, by §19, a cos a4 b cos B+ ¢ cos ¥y =

2a/R, we have for the acute triangle ABC:
o= 2R cos & cos § cos oy
and on the other hand, if A is cbtuse,
't = —1R cot & cos § cos .

26. The radius of the cirele circumscribed about the triangle
MNP is equal to

MN.M’PM_mb:mamam'r_§R
HEMNP  BAcosacos Poosy

that is, to half the radius of the circle circumseribed about the '
riangle.

M2 SOURCE BOOK TN MATHEMATICS

$32. Since angle AOP equils ABC, then A0 = A2 g
ﬁnuﬂ-bouqandﬁuftifkthwm:
AQ = 2R cos a; similarly BO = IR cos 8 and CO = 2R cos +;

henee

AD + BO + CO = 2R(cos & + cos B -+ eos )
[and by substitution of the formulas for the cosines and algebraie
reduction, we find for any acute triangle]

cosateosfhoosymTRE 404 BO+ O 204 1)

[Lf the trinngle has an obtuse angle, ¢. 5., ot C, then]
A0 4 BO — CO = 2(r + R).

§35. We have OM = BO cos v, and since by §32 BO = 2R cos g,

therefore *
OM = 2R cos § cos 1;

similarly ON' = 2R cos acosy, and OF = 2R cos e cos . If one
mulsiplies these expressions respectively by these of AO, BO, CO
(432), then, since cos  cos B cos v = o5 (§24)

AQ.OM = BO.ON = CO.OP = 2R
Th.ti..dupnimojhmmimajabeﬂmpapmiimhnaj
mriongle ABC disides eoch into too parts, whose rectangle equals
Mkmmﬁ#mwﬁwajmwhwﬁkdinﬂw@t
MNP ond that of the eircle cireumseribed cbout irigngle ABC,

CHAPTER II1
Om Ttz Cewrer oF Tie Circis, Winica Is Cracumscaimen asour
& TriancLe
§45. If K is the center .of the cirele circumseribed about &
wiangle ABC, and if perpendiculars Ka, Kb, Ke are dropped from
this point on the sides, BC, CA, AB; then if we draw AK,
Kc—AKmAK:;mdbeﬂuseAK-Rlndmgf:AKcmquak
ACB, thercfore :
Ke= Remsr;
and similarly Kb = R cos 8 and Ka = R cos a. If we compare
these expressions with those found in §32 for AQ, BO, C0,.
we have at once
AD = 2Ka, BO = 2Kb, €0 = 2K:,
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In any trigngle the distance fmlbeumnnftﬁtriwﬁcd’

circle to any side is bolf the distance from ihe commom point of the
eltirudes 1o the opposite vertex.

CHAFTER 1V
Derenmmiation of T™ie REatve Posrmions oF e Poras
Previousiy Discussen. [B g der Gegenseitigen Lage
der Vornehmsten bisher betrachteten Pumkte.] .
§49. If K and 5 are the centers of the circles circumseribed and

inseribed to the triangle ABC, and perpendiculers Ke and SF are
dropped from these to the side AB, then .
K3 = (Ac — AF)* + (SF — Ko)*
Now we have Ac = lic and AF = L(=a = b = ), whence:
Ac = AF = Mo = b);
further, because (§2)

i _5}?..“+5+‘,
and (45) P
therefore
5F = Ke =

(—e+b+ea—btelatb=rc=ele?+b =)
32

If now we substitute in the above expression for KS%, aftes the
necessery reductions we have

%% — abe(~a + b+ c)@a —b+ e+ b—d)
Rim? J8aF .

whence by means of the known values of the radii r and R we arrive
at the resuft:
K% = RV = 1R
In any triangle the square of the distance between the centers of the
m-mr.ri{anwnurﬂ'm‘m.k:{quﬂk lbesq'mllflkradilcqfih
ciraumscribed eircle, diminished by twice the rectangle of this radius
and the rodius of the inscribed circle.
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[By similar methods we find that if 5' is the center and 1 the
radius of an escribed circle,
B3 = R 4 2R

§51, 53, [By exactly the same methods, we derive the relations]
03 = 3r* — 2,R
K0t = R = ;R
_§54. 1f L is the center of the circle circumseribed about the
circle MNP, whﬁtfadim (§26) has been found to be 3R, and if
OL i= drawn, then since 0 is also the center of the inseribed circle
of triangle MNP, then (§49) DL* = 34R* — sR, and since we have
just seen that KD* = R — 44R, it follows that KD* = 402, ar
Ko =200
[1f the triangle is obtuse, & slight modibication of the proof [eads
to the sume result, viz:j :

In any triengle the common point of ihe eltitudes is twice as far
ﬁmﬁxmmqfﬁedmm&nkujmfkmmq[m
circle through the feet of the altitudes.

§55. I_fpapmdicuiars LJ, LH wre dropped from the center I
on the lines AB, CP, L7 = PH, and sinee H is a right angle, it is

£ 1 —_—
known that in triangle OPL, PH = '—‘Ei'fg?_;_‘*_‘{ But LP

= MR, and (§34)0L° = L{R* — oR; further (§35,45) OP.Ke = 4R,
whence IP' — 0= OP.Ke. If this expression is substitured
in PH = LJ, the result is

LI = 35(0P + Ke).
From this praperty it follows at once that the poines 0, L, Kareon
one and the same line, and the theorem shines out (erhellet):

In any triangle the center of the circumnscribed circle, the common
point of the aliirudes, and the center of the cirele through feet of the
oltirudes lie on one ond the same straight line, whose mid-poind is the
last named point.

§56. Because the point L, then, lies at the center of the fine
KQ, therefore the point J is also the center of the line Pe, whence

‘1o a historical note, the theorem is ateribured to Euler, The himory
of this cheorem has been invescigased in dewil by Macksy, Proceedings of
the Edinburgh Math. Sociery, V. 18867, p. 62,
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it follows that Le = LP = MR, and similarly on esch of the other
sides AC, BC. Thus we have the theorem:

In any triongle the circle which passes through the feet of the
altitudes alsg outs the rides of their mid-poins.

§57.  the line LS is drawn, we know that in triangle KOS,
sinee L is the mid-point of KO, 237" + 477" = '+ T2 If
we substitute in this equation the values of the squares of OL
KS, 08, as found in 54, 49, 51, thus there comes

I3 = MR = tRt i = (MR — )8,

LS = MR~ 1,
Similarly, setting a, b, ¢ in turn negative,

LS = MR+, L5 = R 4 ¢+, LS"“-}Q'R"F-I_”"-
Simce now (§26)34R is the radius of the circle circumseribed about
triangle MNP, we deduce from a known property of circles which
are tangent, the followng theorem:

The circle which passes through the feet of the altitudes of ¢ triangle
touches all four of the cireles which ave tangent 1o the three sides of
the triangle and specifically, it foucbes tbe inseribed cirele internally

ar:
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BRIANCHON AND PONCELET
On e Nive-pomvT Cincie THEOREM
(Trunsisted from the French by Dr. Morris Miller Slotnick, Harvard
University, Cambridge, Mass.)

 joine pagper: “Recherches sur la dirermination d'une hyperbole bquilatire, au
o dixions doanées,” ing in 's Annales de
Matbémaigues, val. 11 {1820-1621), pp. 205-220. The theorem, of which the
i below, occurs s Théorbme 1X, (p. 215} in & sequence of

1908 (Beglin, Mayer und Maller), and there the theorems in question are found
on pages 3546, The proofs of Fewerbach ars all of & quantitative aature,
based as they are oo the numerical i between the radii of the
various eircles nssocinted with & triangle and the distances between the centers
of pairs of thest eircies.

The circle which passes through the feet of the perpendiculars
dropped from the vertices of any triengle on tbe sides opposite them,
passes also through the midpoints of these sides as well as through the
midpoints of the segments whish join the vertices to the point of inter-
section of the iculars. )

Proof.~Let P, Q, R be the feet of the perpendiculars dropped
from the vertices of the triangle ABC on the opposite sides; and
let K, I, L be the midpoints of these sides.!

The right triangles CBQ and ABR being similar,

BC:BQ = AB :BR;

from which, since K and L are the midpoints of BC and AB,
BE-BR = BL-B(Q;

that is to say, the four points K, R, L, Q lie on one circle.”

’m:ﬁm'm'wh:iﬁauh'&lthwkimmwﬂ
37

# [The text bere reads: “app:

|
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It may similarly be shown that the four points K 7
A ek, s W Tt B P L T

mdmifhmmuduethntbethmcirdsinqum
ot be one and the same circle, it would follow thst the common
d:?rdlol‘dbeci.rdet:lhnt-ona:imewuld pass through a
point; now, these chords are precisely the sides of the triangle
@Grﬁnddeaﬂmthroqﬁnmmmunpodm; it is equally
impossible to suppose that the three cireles are different from one
angther; thus they must coincide in one and the same circle,

T
Nw,l!to,ﬂ',ﬂ'bethhi&pduuofﬁem DC, DA,
DB which.join the poiat of insersection D of the three altivades of
ﬂnunndemmthuchdth:mtmm The right
triangles CDR and CQB being similar, we have
CD:CR = CB:C0:
ﬁm;hid:,nhwfnndkmthemﬂpohudthemmum

and CB,

CC"-CQ = CR-CK;
that is to say, the circle which thr. K, passes
sk passes through K, R, @ also
It may be shown in the same manner that the eircl passes
ﬁlrw‘h the other two points A’, B'; thus it p-sset:t:::ugh the
mmmBP,Q.R.I,R’,L,A'.B’.C“;w&i:bwnnbcm.



