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(CEUVRES DE FERMAT FAD LOCOS PLANOS ET SOLIDOSS )

AD LOCOS PLANOS ET SOLIDOS
1SAGOGE .

——fae

De locis quamplurima seripsisse voleres, haud dubium : (estis Pap-
pus initio Libri septimi (), qui Apollonium de locis planis, Aristmum
de solidis scripsisse asseveral. Sed aut fallimur, aul non proclivis salis
ipsis fuit locorum investigatio: illud avguramur ex co quod locos
(quamplurimos non satis gencraliter expresserunt, ul infra patehit,

Scientiam igitur hanc propriz et peculiari analysi subjicimus, ut
deineeps generalis ad locos via pateal.

Quoties in ultima wequalitate dux quanlitates ignote reperiuntur,
lit Tocus loeo et terminus alterius ex illis describil lingam rectam aut
curvam. Linea recla unica el simplex est, curve infinite : circulys,
parabole, hyperbole, cllipsis, ele.

Quoties quantitalis ignolie terminus localis describit lincam ree-
tam aul cireulum, fit locus planus; at quando describit paraholen,
hyperbolen vel ellipsin, fit locus solidus; si alias curvas, dicitur locus

') Le toxto do eol fmportant Troitd esl Lrds défigurd dens 1'tditlon das Faria Upera
e fiza, cn particulior par I'ndoption do la notation eartédemme dos oxposanls. L frogaze,
qui renfernie les dldments do la Gdombirio analyliquo modorae, of nolamment una dis-
cussion de Péquation générale du socond degrd & deux ineonanes, 2 cepondant &6 rédi-
e ol méme, d'nprés Farliclo du Soerned ofer Saemats du o fdvrior 1063, communingnds par
Fermal avanl Vapparition do In Gebndirde do Degearles. D'un autes whtd, 1l a5l aisé clo
se convainers fque Fermal est toujours restd fdida aux erremonts do Vidle el n'a jamsis
fait usage dans scs borits do Ja voiation des exposants, snuf pour des =8 cxeeplionncls,
comme lorsqu'il faisaie allusion awe trnvnx do Doscarios. :

L'existenco, dans lo poctofonille 1348 [ da In collaelion Ashburaham, @une ancicuna
ropio de I'frogore o permis de rétablic en oule stratd [a nolalion onployée par Fermat et
ddliminer cerizines additions failes 3 son Lexle sur lo manuserit qui avail sarvl pour I'd-
tlition des Farie.

(2} Pappus, &d. Hullsch, paga §30, lignes 22 ol 33,



92 (EUVHES DE FERMAT. — I PARTIL

lincaris. De hoc nihil adjungemus, quia facillime ex planorum ¢t soli-
dprum investigatione linearis loci cognitio devivabitur, mediantibus
reductionibus.

Commode autem institui possunt mquationes, si duas quanlitates
ignotas ad datum angulom constituamus (quem ul plurimum rectum
sumemus), et ulterius ex illis positione data terminus unus sit datus;
modi neutra quantitatum ignolarum quadralum practergrediatur, locus
erit planus aut solidus, ul ex dicendis clarum fict.

Recra data positione sit NZM ( fig. 78), cujus punctum datum N; N2

Fig. 78.

g
®quetur quantitati ignote 4, et ad angulum datum NZI elevata recta ZI
sit @qualis alteri quantitali ignote E.

DinAd  wquewwr  Bin£:

punctum I erit ad lineam rectam positione datam.

Erit enim
ul B ad D, ita A ad £,

Ergo ratio 4 ad E data est, et datur angulus ad Z, wiangulum igitur
NIZ specie, et angulus INZ; datur autem punctum N et recta NZ posi-
tione : ergo dabitur NI positione, et est facilis compositio.

Ad hane mqualitatem reducentur omnes, quarum homogenea parlim
sunt data, parlim ignolis 4 el £ admixta, vel in datas ductis vel sim-

plititer sumptis.
Zpl.—Dind  mquelur  fin £,

4



LIEUX PLANS ET SOLIDES. o3

Fiat
Dinft mquale Zpl;

erit
ul f ad 0, ita A—A ad £.

Fiat MN wqualis ft : dabitur punctum MM, ideoque MZ xqdabitur
R — A. Dabitur ergo ratio MZ ad ZI; sed datur angulus ad Z, ergo
triangulum JZM specie, ct concludetur rectam MI junctam dari posi-
tione, ideoque punctum 1 erit ad rectam positione datam. Idemqgue
nullo negotio coneludelur in qualibet mi:[uali{n!u cujus homogenca
quacdam alficientur ab A vel E.

Et est simplex hze et prima locorum mqualitas, cujus beneficio
invenicntur loci omnes ad lineam rectam : verbi gratia, septima pro-
positio Libri T Apollonii de locis planis ('), que generalius jam poterit
enuntiari ot construi,

Huic mqualitati subest pulcherrima propositio sequens, quam nos
illius ope deleximus :

Si sint quotcwnque rectee linee positione dalw alque ad psas @ quodam
puncto ducantur rectee in datis angulis, sit autem quod sub duetis el datis
efficitur dato spatio @quale, punctum rectam lineam positione datam con-
tingel.

Infinitas omittimus, quax Apollonianis merito possent oppeni.

secuxous hujusmodi mqualitatum gradus est, quando
AinE w»qg Zpl,

quo casu punctum | est ad kyperbolen. .

Fiat NR (fig. 79) parallela ZI; sumatur in NZ quodlibet punctum,
ut M. a quo ducatur MO parallela ZI; et fiat rectangulum NMO mquale
Zpl. _ ' '

Per punctum O, circa asymptolos NR, NM, describatur hyperbole :

(') Pour plus haut, pogo 24, nole 1.



04 EUYHES DE FERMAT. — I PARTIL,

dabitur positione et transibit per punctum I, quum ponatur reclangu-
lum A in £, sive NZI, ®quale NMO.

Fig. 0.

H L iy

Ad hanc mqualitatem reducentur omnes quaram homogenea parting
sunt data, vel ab A aut E aut A in E allecta.
Ponatur

Dpl.+AinE  wq Rind+Sink.
Igitur, ex artis preceplis,

AinAd+8Sinf —Ain £  mouabilur  Lpl.

LElfingatur rectangulum abs duobus lateribus, in quo homogenea

" RinA4+SinE— AR

reperiantur : erunt duo latera

A—8 ol i—=-F

et rectangulum sub ipsis mquabitur HinAd 4 Sin £ — Ain i — ftins.

Siigitur a Dpl. abstuleris fin S, rectangulum sub A—Sinf—&
wquabitur Dpl. — fin§.

Fiat NO ( fig. 80) mqualis §, ¢t ND, parallela ZI, fiat wqualis if; per
punctum D ducatur DP parallels NM, < per punctum O = OV paral-
lela,ND, ct ZI producatur in P.

(Juum NO mquetur S, el NZ, 4, ergo A — § @quabitur OZ sive VI';
similiter, quum ND, sive ZP, aquetur &, et ZI, E, ergo /l — £ wiqua-



LIEUX PLANS ET SOLIDES, o

hitur PI ¢ rectangulum igitur sub VP in PI equatur dato Dpl. — R in §.
Lirgo punctum I erit ad hyperbolen, eujus asymploti PY, YO.

!l/,,:
/A e

Rectangulo enim Dpl. — R in § ®quetur, sumpto quovis puncto X et
ducta paralleld XY, rectangulum VXY, et per punctum Y, circa asym-
ptotos PV, VO, hyperbole describatur : per punctum 1 transibit, nec
est difficilis in quibuslibet casibus analysis aut constructio.

o

Sequess mqualitatum localium gradus est, quum Ag. vel mqua-
tur Eq., vel est in ratione data ad Eq., vel ctiam Ag. + Ain E est ad
Eg. in dala ralione; denique hic casus omnes wquatiun:es compre-
henditintra metam quadratorum, quarum homogenea omnia vel a qua-
drate 4, vel a quadrato E, vel a rectangulo 4 in E alficiuntur.

His omnibus casibus puncltum I est ad kneam rectam, cujus rei
demonstratio facillima.

Sit NZquad. + NZ in ZI ad ZI quad! in ratione data (fig. 81).

Fig. 8i.

Ducatur quavis parallela OR; quadratum NO -+ NO in OR erit ad OR
quadratum in cadem ratione, ut est facillimum demonstrare. Punctum
igitur [ erit ad rectam positione < dalam >.

[Sumatur enim quodvis punctum, ut O, et fial data ratie quadrati



a6 (RUVRES DE FERMAT, — I~ PARTIE.

NO + NGO in OR ad OR quadratun. Juneta NR dabitur positione et
salisfaciel proposito] ('), idemgue continget in quibuslibet woua-
tionibus, quarem omnia homogenea a potestatibus ignotarum vel rec-
tangulo sub ipsis afficientur, ut inutile sit singulos easus scrupulosius
percurcere,

St potestatibus ignotarum vel rectangulis sub ipsis admisceantur
homogenea, partim omnino data, partim sub data recta in alteram
ignotarum, difficilior evadet constructio : singulos casus construimus
breviler et demonstramus.

Si
Ag.  mguatur  Din £,

punctum 1 est ad parabolen.
Fiat NP parallela ZI (fig. 82), et circa diametrum NP describatur

Fig. Ha.

- .

parabole, cujus rectum latus recta D data, ct applicate sint paral-
lele NZ : punctum | erit ad parabolen hane positione datam.

Ex constructione rectangulum sub D in NP @quabitur quadrato P1,
hoe est, reclangulum sub DinlZ mquabitur quadrato NZ, ideoyue :

Din £ wouabitue g,

Ad hane mquationem facillime reducentur omnes in quibus Ag. mis-
cetur homogeneis sub datis in E, aut Eq. homogeneis sub datis in d,

(') Lo démonsiration mizo ontro erochols ost suspecle i divers Litres; si elle o'a pos dé
interpblés, on ne poul gubre la considérer qua comme un resto d'ano promigre rédaction
de Fermal, -
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idemque continget, licel homogenca omnino data mquationibus mis-
cecanlur.
Sit
Eq. wmquale Dind.
In priccedenti figura, vertice N, cirea diametrum NZ, deseribatur
parabole, cujus rectum latus sit D, et applicatw recle NP parallele :
praestabit propositum, ul patet.

Ponatur .
bBg.—dAdg. =g Dinf.

Lrgo
Ag.—=NinE . mquabilue Ag.
Applicetur Pg. ad D ct sit quale 2 in &1, Ergo

Dinft— Dink wmquabiture Ag.,
ideoque
Din{ft — &) mquabitur  Aq.

ldeoque hree wquatio reducetur ad priccedentem : recta quippe f — £
succedel ipsi E.

Fiat quippe ( fig. 83) NM parallela ZI et squalis &, et per punclum M
ducatur MO parallela NZ : datur punctum M, et recta MO positione. In

Fig. B3.
- o
1
x
A
H 4

hac constructione, Ol quatur R — E : ergo Din O] mquatur NZ quad.,
sive MO quad. Yertice M, circa diametrum MN, descripta parabole, cujus
rectum latus D, et applicatz ipsi NZ parallele, prastabit propositum,
ul patel ex construclione. -
Si
Bg.+dAdgq. w®i DinkE,
Dinkf — fig.  wmquabitur Ag.,

Frpaar, — [. 13

10



a4 (EUYRES DE FERMAT. — I PARTIE.
cte. ut supra. Similiter omnes :quationes ab & ct Aqg. allecte con-
struentur.
Sko Ag. miscetur spe Eq. et homogeneis omnino dalis.
Bg.—Ag. wmquelwr Eg.:

punctum [ est ad eirculum positione datum, quando angulus NZI est

reclus. :
Fial NM ( fig. 84) @qualis 2; circulus centro N, intervallo NM, des-
criptus prastabit propositum, hoc est : quodcumgue punclum sump-

Flg. B§.
- -"“-_\
1
F3
r-*“' 3

seris in ipsius circumferentia, ut [, quadratum ZI mquabilur qua-
drato NM (sive Bg.) — quadrato NZ (sive Ag.), ul patet.

Ad hane ®quationem reducentur omnes affectz ab Aq. et Eg., el ab
"4 vel E in datas ductis, modb angulus NZI sit reclus, et preterea coel-
licientes A¢. =quentur coeflicientibus Eq.

Sit :

fg.— Dindbis—A4g. ®mquale Kg.+ in Ebis.
Addatur utrimgue fig., ut E + R succedat E : fiet
Ay +Og.— Din Adbis— Ag. mquale Eg.+ Hg.+ fin K bis.

Ipsis Ry. et Bq. addatur Dg., ut D+ A succedal ipsi 4, ct summa
quadratorum fig., #g., el Dg. equetur Pg. Ergo

Pg.—Uq.—DinAbis— dg.  ®mquabitur  Rg.+ Bg.— DinA bis — Ag.;
nam ek constructione

Pg.— Dg,  wquatur  fg.+ fyg.

10

11



LIEUX PLANS ET SOLIDES. 14

Siigitur loco ipsius A + D sumpseris 4 ct loce E + It sumpseris 2,
fiet
fPg,—Ag. mquale Mg,

et reducetur zquatio ad precedentem.

Simili ratioeinatione similes mquationes reducentur, el hac vin omnes
propositiones secundi Libri Apollonit De locis planis (') construximus,
¢t sex priores in quibuslibet punctis habere locum demonstravimus :
rquod sane mirabile est el ab Apollonio lortasse ignorabatur.

SEn
fig.— Ag. ad Eq. habeal rationem datam,

punclum [ erit ad ellipsin.

Fiat MN ®qualis &, et per verticem M, diametrum NM, centrum N,
describatur ellipsis, cujus applicata sint rectz ZI parallelz et qua-
drata applicatarum ad rectangulum sub segmentis diametri habeant
rationem datam : punctum I erit ad hujusmodi ellipsin. Etenim qua-
dratum NM — quadrato NZ mquatur rectangulo sub diametri seg-
rientis.

Ad hane reducentur similes in quibus Ag. ex una parte opponetur
f2g. sub contraria alfectionis nota et sub coefficientibus diversis. Nam
si coeflicienles sint emdem et angulus sit reclus, locus crit ad eir-
culum, ut jam diximus; licet igitur coellicientes sint cadem, modo
angulus non sit roclus, locus erit ad ellipsin, et, licet immisceantur
wquationibus homogenea sub datis et 4 vel £, fiet reductio co quod
jam usurpavimus artificio.

51
Ag.+ Bq. estad Eq. in dala ratione,

punctum [ est ad hyperbolen.
Fiat NO ( fig. 85) parallela Z1; data ratio sit eadem qua Bg. ad qua-
dratum NI : dabitur crgo punctum R. Circa diametrum RO, per ver-

(") Foir plus hput, pages 29 ot 3o, nolo 3.

11

12



100 (EUVILES DE FERMAT. — I PANTIE.

ticem I, centrum N, desceribatur hyperbole, cujus applicata sinl paral-
lelae NZ, et rectangulum sub toto diametre et RO unia cum RO qua-
drato ad quadratum O1 sit in data ratione, NIt quadreati ad #g. Ergo,
componendo, rectangulum sub MOR (positdi MN mquali NIV) uni cum
quadrate NIV erit ad quadeatum OI und cum Bg. in ratione data, NI
quadrati ad 2g. Sed rectangulum MOR, uni cum NR quadvalo, mqua-

Fig. 85.

4 L
/J,‘

J/" 1

tur NO quadrato, sive ZI quadrato, sive Eg.; el quadratum Ol uni
cum fg. mquatur quadeato NZ (sive 4¢.) uni cum Fq. : ergo est

ut Bq. ad Bg.4=Adgq., ila Nitquad. ad Hq.

et, convertendo,

Og.+ Aq. estnd Kq.in ratione data.

Punctam igitur [ est ad hyperbolen positione datam.

Eodem quo jam usisumus artificio, ad hane mqualitatem reducentur
omnes que ab Ag. et Eg. afliciuntur und cum datis, sive simpliciter,
sive misceantur ipsis homegenca sub 4 vel E in datas, modb Ag.
habeat eamdem ex altera parte alfectionis notam, quam Eg¢. Nam, si
sinl divers®, propositio concludetur per circulos vel ellipses.

Dirviciuuiay omnivm ®equalitatum est quando ita miscenlur 4g. et
£g. ut nihilominus homogenea quadam ab A in E afficiantur uni cum

datis, clc, ;
fg.— Ag.bis  @mguelur  Ain Bbis - £q.

12

13
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Addatur utrimque Aq., ut 4 + F sit latus alterius ex homogeneis
ergo
fg.— Aq. equabiter Ag. - Eg -+ - in B his.
Pro A + E sumatur E, si placet, et ex precedentibus civculus Ml
(fig. 8G) prastet propositum, hoc est :

MW quad, (sive Jg.) — NZ quid. (sive 44.)
mquelur quadrato ZI (sive quadrato abs A £

Fiat ¥I mqualis NZ, sive A : ergo LY mquatur £, In hac autem quastione
punclum ¥, sive extremum recle E, (anlum inquirimus : videndum
ergo ct demonstrandum ad quam lineam sit punctum V.

Fig. 86.
S

0

H i i i

Fial MR parallela ZI et mqualis MN, et jungatur NIt, ad quam pro-
ducta 1Z incidat ad punctum 0. Quum MN wequetur MR, ergo NZ

eyuabitur Z0; sed NZ wquatur VI : ergo tota YO toli ZI est wqualis,
ideoque .
quadratum MN — quadrato NZ mquatur gquadralo VO.

Datur autem triangulum NMR specie : ergo quadrati NM ad qua-

dratum NR datur ratio, 'idcaquc el quadrati NZ ad quadratum NO
dabitur ratio. Ratio igitur

quadrati AN — quadrato NZ ad  quadratum NR — quadeato NO

13

14



102 (LUYRES DE FERMAT..— I* PARTIE.
datur; probavimus autem

guadratum OV ®quari quadrato MN — quadrato NZ :

ergo ratio quadrati NR — NO quadrato ad quadratum OV datur. Dantur
autem punecta N et R, et angulus NOZ : ergo punctum V, ex superius
demonstratis, est ad ellipsin. :

Non absimili methodo ad superiores casus reducentur reliqui, in
quibus homogenea sub A in E homogeneis partim datis, partim sub
Ag. aut Eq. immiscebuntur, aut etiam sub A et E in dutas duetis,
cujus rei disquisitio facillima ; semper enim beneficio trianguli specie
noti construetur quastio.

Breviter igitur et dilucide complexi sumus quidquid de locis planis
et solidis inexplicatum veleres reliquere, constabitque deinceps ad
quem locum pertinebunt casus omnes propositionis ultimz Libri |
Apollonii de locis planis ('), ¢t omnia omnino ad hane materiam spee-
tantia nullo nogotio detegentur.

Seo uier coronidis loco pulcherrimam hane propositionem adjun-
gere, cujus facililas statim innotescet.

Si, positione datis quotcumgue lineis, ab uno et codem puncto ad sin-
gulas ducantur recla in datis anguls, el sint species ab omnibus duetis
dato spatio equales, punctum contingit positione datum solidum locum.

Unico exemplo fit via ad practicen : Datis duobus punclis N, M
(fig. 87), inveniendus locus a quo si jungas rectas IN, IM, quadrata
rectarum IN, IM ad triangulum INM datam habeant rationem.

Recta NM @quetur B, et recta ZI, ad angulos rectos, dicalur E ter-
minus; NZ dicatur 4 : ergo, ex artis praceptis,

Ag.bis+ Bg.— BinAbis + £q.bis ad reclangulum & in £

habebit rationem datam et, resolvendo hypostases ex jam traditis pree-
ceplis, ita‘procedel construelio :

(') Foir plus haut, p. 37, la note sur le sous qu'il faul atlribuer 4 colle proposilion
d*Apollonius,

14
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NM bifaviam secetur in Z; a puncto Z exciletur perpondicularis ZV,

et fiat data ratio cadem qua ZV quadruple ad NM; descripto semicir-
lo YOZ super YZ (') applicetur Z0O mqualis ipsi ZM, et juneld YO,

cu
. intervallo VO, describatur cireulus OIR, in que sumalur

centro Y

Flg. &5

quodlibet punctum, ut R, ot jungantur veclee BN, UM : Alo qua-

drata RN, RM ad triangulum RNM esse in data ratione.

Iime inventio, si libros duos de locis planis a nobis dudum restitutos
pracessissel, elegantiores sane avasissent localium theorematum con-
structiones : nec tamen pracocis licet et immaturi partis nos adhue
penitet, et informes ingenii fatus posteris non invidere scientiz
ipsius quadamtenus interest, cujus operd primo rudia et simplicia
novis inventis et roborantur ot augeseunt. Imo et studiosorum interest
latentes ingenii progressus el arlem sese ipsam promoveniem penitus

hahere perspectam.

16
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Thera i3 no doubt that seversl ancient authors have written on loei, witness
Pappua, who, at the beginning of his seventh book, states that Apollonius had
written on plane loci nnd Aristasus on solid loei,* But it seemas that to them the
study of loei did not come quite easily; this we gather from the fact that for
several loci they did not give a sufficiently general account, sa will be clarified
by what follows here.

We shall thersfore submit this science to an sppropriste sod particular
analysia, so that from now on a genersl way to the study of loci shall be opened.

As soon a8 in & final squation [aequalitas] two wnknown quantities Mppear,
there exists & logus, snd the end point of one of the two quantities deseribes &
straight or & curved line. The straight line is the only one of its kind, but the
types of curves are infinits: a circls, & parabola, & hyperbols, an ellipse, ate,

Whenever the end point of the unknown quantity describes a straight line or
& cirele, wa have & plane locus; when it describes o parsbola, hyperbola, or
ollipse, then we have a solid locus; if other eurves appear, then we say that the
locus ia & linear locus (locua linearis]. We shall not add anything to this lsst cass,
since the study of the linear loous can easily bs derived from that of plana and
solid ones by means of reductions,

The squations can be essily visualized [institwi], when the two unknmown
quantities are made to form a given angle, which wo usually take to be a right
one, with the position and the end point of one of them given. Then, if no ooe
of the unknown quantities exoeeds a aquarn, the loous will be plane or solid, as
will bs clear from what we shall say,

Let NZM be a straight line given in position, ¥ & fixed point [Fig. 2] on it,
Let ¥ # ba one unknown quantity A, and the segment 21, applied to it at given
angle NZ1, be equal to the other unknown quantity £, When D times A is squal
to B times K, the point [ will describe a steaight lins given in position, since B
iato [ as A is to E.* Hence the ratio of 4 to & ia given, and, sinoe the angle at
Z is given, the form of the trisngle NIZ, and with it the angle INZ, is given,
But the point ¥ is given and the straight line N'Z is given in position: henoe X1
ia given in position and it is easy to make the synthesis [comporitio).
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To this equation all equations can be reduced of which the terms [homogeneq)
are partly given, partly mixed with the unknowns 4 and F, either multiplisd
with the given gusntities, or appearing simply. Let Z pl — D Limes A aqual
B times E. Lot D times R be £ pl. Then we will find that Bieto Das R — A
to E. Let us take MN equal to R, then point M is given, hence M Z s squs] t.u
R — A. Hence the ratio of MZ to £/ is khown, but the angle st Z is given,
hence also the form of the trisngle IZM, We conclude that the straight line MJ
is given in position. Thus point J will be on & straight line given in position.®, 4
We reach the same result without diffioulty for any equation contsining the
terms 4 and K.

This is the first and simplest squation of & locus, by means of which all the
loci desling with & straight line can be found; see, for example, the au'runth
proposition of Book I of Apollonius On plane loci, which has since found & mm
general formulation end construction. This equation also leads to the fo]lumu.g
elegnnt proposition, which we discovered with ite help: 1

Lot any number of strm.ghl.. lines be given in position. From some point ﬂ:“-
to them straight linea st given angles. If the sum of the products of the Lnee
thus drawn with the El'ﬂln lines is equal to & given area, then the poink will ':ua
on o straight line given in position.”

We omit a great number of other propositions, which could be considered as
corollaries to those of Apcllonius.
The seoond apecies of equations of this kind are of the form

A times F is £ pl,*

in which case point I traces o hyperbsla. Draw N R parallel to ZJI; through any
point, such as M, on the line ¥ 2, draw MO parallel to £1, Constroct the ree-
tangle N MO equal in srea to Z pl. Through the point @, between the asymp-
lotes N R, N M, describe a hyperbola; its position is determined and it will pass
throvgh point I, since we heve nssumed, as it were, 4 E—that is to. say, the
rectangle Nﬁf—equwalent- to the rectangle N MO [Tig. 4].

R
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To this equation we may reduce all those whose terms are in part constant,
or in part contain 4 or F or AF.
If we let

Dpl + A times F equal R times 4 + § times E,
then we obtain, by well-known methods,
A times 4 + 8 times F — A times F equal D pl.

Let us construot & rectangle on two sides such that the terms B times A + 4
times £ — A times F are contained in it; then the two sides will be 4 — & and
R = E and the rectangle on them will be equal to R times 4 + & times £ -
A times E — R times F,

If now we subtract R times 8 from D pl, then the rectangle on 4 — 5 and
ft — E will be equal to D pl — R times §.

Take NO equal to § and ND, parsllel to ZI, equal to R. Through point D,
draw DF parallel to NZ; through point O, draw OV parallel to ND; prolang
ZI to P [Fig. 6).

Fig. &

M i i

Since NO = Sand NZ = A, we hove 4 — § = 0Z = VP. Similarly, sine
ND = ZP = Rand 5] = E, we have R — E = PI. The reatangle on PV
F1 is therefors aqual to the given erea D pl — A times E. The point I is thers:
fore on & hyperbols having PV, V0 as asymptotes * ! 5

If we take any point X, the parallel X ¥, and construct the rectangle VX¥,
and through point ¥ we describe s hyperbols between the asymptotes PV, V0,
it will pass through point J. The analysis and construction are easy in every
case. ;
The next species of equations for loci arises if we have A4 equal to E2, or in
given ratio to £7, or, again if 4° + A times E is in given ratio to F?. Finally this
type includes all the equations whose terms are of the second degree containing
either 4%, E*, or the rectangle on 4 and E. In all thess cases the point [ traces s
straight line, as can easily be demonstrated.1? ;
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But if Bg — Ag ia to Eg in n given ralio, then the point J will be on an
ellipse.

Lel M be equal Lo B, and lot an sllipse be deseribed wilh A as vertex, NA
a8 diameler, and & as center, of which thg ordinotes [applicatae] are parallel Ln
the straight line &7 The squares of the ordinates muat have & given ratio to U“
rectangle formed by the seguients of the diemeter, Then the point J will be c-n
thie ellipse. Indeed, the squere on NM — the aquerc on NZ is equal Lo the
rectangle formed by the segments of the dizmeler [Fig. €1."

I

Fig. & H 7 [¥]

To this equation can be reduced oll those in which Ay ie on one side of the
equakion and Eg with on opposite sign and a different coefficient on the other
gide. If the cocflicients are the same and the angle & right angle, the loous will
be a cirele, as we have anid. If the coefficients are the same, but the angle is not
o right angle, the loous will be an ellipse.

Moreover, though the equations include terms which are products of 4 or £
by given magnitudes, the reduction may neverthelass be made by the artifice
which we have already employed.

& gingle example will euffice Lo indicate the general method of construction.
Given two points N and M, required the locus of the points such that the sum
of the squares of IV, I M shall be in a given ratio to the trangle JN M [Fig. 7).

b

Let NM = B, let B be the line 21 drawn st right angles to ¥, and let 4 be
the distance ¥ 2, According to well-known methods we find that A2 bie + 57
— B times A bis 4 £ bis is to rectangle B times 5 in & given ratic.!? Follow-
ing in treatment the procedures previously expleined we have the suggested
conatruction,
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Bisect NM at Z; erect at Z the perpendicular ZV; make the ratio 42V 4,
N M equal to the given ratio. On V'Z draw the semicircle V0Z, inseribe Z0 equy
to ZM, and draw V0. With ¥ as center and ¥0 as radius draw the circle O 3
If from any point R on this circle, we draw BN, RM, Iuythltﬂia!ltmufﬂh
squares of BN and RM js in the given ratio to the trisngle RN M,

The constructions of the theorems on loci could have been much mory
elegantly presented if this dissovery had preceded our previous revision of thy
two books On plane loei. Yet, we do not regret this work, however precocions of
insufficiently ripe it may be. In faot, there is for stience s certain fascination in
not denying to posterity works that are as yet spiritually incomplete; the labor
of the work, st first simple and clumsy, gains strength as well ss stature
new inventions, It is quite important thet the student should be able to discern

clearly the progress which appears veiled as well as the spontaneous ﬂevelnp.
ment of the science.
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(1) Ta + b OEARZE

(2) Ta X b) ORTHERS
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(3) Ta®y ety

(4) Mla + b) %) OSBTHERR
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FAD LOCOS PRANOS ET SOLIDOSI
(¥MBBR  Struik,A Source Book in Math)
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7z kv —® [AD LOCOS PLANOS ET SOLIDOS) iz&k#uf

R NZM #5A°T,
NZ DEZ®8H( ) Bl O E 2 ( y&L,
ENEOMERIZ

DXA=BXE 2D ( | S )=B:D @

EHADLE,
MAIR ( ) B,
N

CTTL S VICIMEEOAEES A TNS, @

ZxNT—HD, @D A L ECHTSHEAL AN 2515 L HEIUATE D L 2R
L7,

¥ D=3E (B=1., D=3) TAOAHNEGASNERKOML] ORMRESIT.

(1) £NZI=30°"

(2) ZNFI=910"

(3) £NZI=120"
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TAD LOCOS PRANOS ET SOLIDOS!

({MIR  Struik,A Source Book in Math)
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FAD LOCOS PRANOS ET SOLIDOS) %##AT, BRLTALS.

Zpl=2* trace ~%EEED  hyperbole WM  parallel FiTH  rectangle BHE  area W
construct fEE T3 asymptotes W8  assume ETS  asitwere 1hIE  equivalent HL 1o
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